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We study the physis on the paramagneti side of the phase diagram of the obaltates, NaxCoO2,
with an implementation of ellular dynamial mean eld theory (CDMFT) with the non-rossing
approximation (NCA) for the one-band Hubbard model on a triangular lattie. At low doping we
nd that the low energy physis is dominated by a quasi-dispersionless band. At half-lling, we nd
a metal-insulator transition at Uc = 5.6±0.15t whih depends weakly on the luster size. The onset
of the metalli state ours through the growth of a oherene peak at the hemial potential. Away
from half lling, in the eletron-doped regime, the system is metalli with a large, ontinuous Fermi
surfae as seen experimentally. Upon hole doping, a quasi non-dispersing band emerges at the top
of the lower Hubbard band and ontrols the low-energy physis. This band is a lear signature of
non-Fermi liquid behavior and annot be aptured by any weakly oupled approah. This quasi
non-dispersive band, whih persists in a ertain range of dopings, has been observed experimentally.
We also investigate the pseudogap phenomenon in the ontext of a triangular lattie and we propose
a new framework for disussing the pseudogap phenomena in general. This framework involves
a momentum-dependent haraterization of the low-energy physis and links the appearane of
the pseudogap to a reonstrution of the Fermi surfae without invoking any long range order or
symmetry breaking. Within this framework we predit the existene of a pseudogap for the two
dimensional Hubbard model on a triangular lattie in the weakly hole-doped regime.
I. INTRODUCTION
Charge arriers in the obaltates, NaxCoO2, are lo-
ated in two dimensional CoO2 layers separated by insu-
lating layers of Na+ ions whih at as eletron donors. Their
struture is a triangular net of edge-sharing oxygen otahedra
with the Co atoms oupying the enter and the Na atoms
playing the role of eletron donors. The otahedral symmetry
around the Co ions results in a splitting of the d-orbitals in
two eg and three lower lying t2g orbitals. The trigonal dis-
tortion of the CoO2 layers further splits the t2g orbitals
into one a1g and two lower e
′
g Singh
1
. The valene of the
obaltate ions is Co4−x whih means that the Fermi sur-
fae will lie in the a1g orbital whih will range from half
to fully lled. Consequently, the obaltates onstitute a
realization of strongly orrelated eletron physis on a tri-
angular lattie. Aross their phase diagram they exhibit
a wide range of behavior
2
ranging from a paramagneti
Fermi liquid at low Na onentration x, a strange Fermi
liquid with Curie Weiss magneti suseptibility for high
x and a singular insulating state at x = 0.5. While the
paramagneti metal exhibits some properties akin to that
of a Fermi liquid, the obaltates still remain strongly or-
related systems. For example, experiment
3
and theory
4
plae the hopping matrix element and the on-site repul-
sion at t = 0.2eV and U = 4eV , respetively.
Various ARPES studies have been performed
5,6,7
,
whih suggest a Fermi surfae whih onsists only of a
large a1g hole poket with the e
′
g orbitals lying under the
Fermi surfae. This is in ontrast with LDA alulations
Singh
1
whih suggest the existene of peripheral e′g hole
pokets. In an eort to resolve this disrepany, several
multi-band DMFT studies have been performed
8,9
. Fi-
nally a few CDMFT alulations Kyung
10
, Lee et al.
11
address mostly the Mott transition on a triangular lattie
or ompare dierent impurity solvers.
Motivated by the obaltates, we address in this paper,
the properties of strong eletron orrelation on a trian-
gular lattie. Of partiular interest will be the nature of
the Mott transition at half-lling on suh a lattie. A
triangular lattie oers an ideal playground for exploring
the Mott transition as a result of the inherent magneti
frustration that is present. We nd that a ritial value of
U = 5.7t separates paramagneti insulating and metalli
phase. Away from half-lling we nd a metalli phase
with a large Fermi surfae as is observed experimentally.
This paper is organized in three main setions. In se-
tion II we give an overview of the omputational sheme,
the luster dynamial mean eld theory with the non-
rossing approximation as the impurity solver in the on-
text of the one-band Hubbard model. In setion III we
disuss the the two main issues related to the onsisteny
of the method: the proper periodization proedure to ob-
tain physially orret lattie quantities and the luster
size dependene of the the results. We show that, for a
given small luster size, the method breaks down at er-
tain lling values and we argue that the luster size in-
dependene should be the ultimate onsisteny riterion.
In setion IV we present the results of the simulation.
In IVA, we show the existene of a quasi-dispersionless
low energy band, whih is signature of strong orrelations
and inompatible with Fermi-liquid physis. In IVB, we
disuss the Mott transition on the triangular lattie. Fi-
nally, in IVC, we argue for the existene of a pseudogap
at low hole doping.
2II. DESCRIPTION OF THE METHOD
We start with the one-band Hubbard model,
H = −t
∑
σ,〈i,j〉
c†iσcjσ + c.c.+ U
∑
i
ni↓ni↑ (1)
where t is the matrix element for hoppings between near-
est neighbor sites, 〈i, j〉, and U is the on-site repulsive
interation. We assume that the single-band Hubbard
model on a triangular lattie aptures the main features
of strongly orrelated physis in the presene of magneti
frustration. We restrit our study to the paramagneti
state
〈ni↓〉 = 〈ni↑〉 = n/2 (2)
whih is onsistent with the experimental observations in
obaltates for x < 0.5.
As a omputational tool, we use in our investigation a
real-spae luster generalization of dynamial mean eld
theory (DMFT).
12
The DMFT has been a very suessful
tool in investigating many aspets of strongly orrelated
systems. In this method one single site is treated as an
impurity embedded in an eetive bath onsisting of the
rest of the sites the properties of whih are aptured by
the hybridization funtion. It is exat in innite dimen-
sions or more preisely in innite oordination number z
and it an suessfully desribe the antiferromagneti or-
der. However for many appliations it is neessary for the
short range (few lattie site) orrelation to be desribed
aurately. In the luster DMFT method (CDMFT),
13
a
luster extending in a small number of sites is treated as
the impurity and therefore the loal (luster) degrees of
freedom are treated exatly. The rest of the lattie, the
bath, is desribed by a multi-omponent hybridization
funtion.
All luster-DMFT-based algorithms ontain the follow-
ing major omponents.
• An impurity solver, whih evaluates the luster
Greens funtion from the hybridization funtion.
• A self onsisteny ondition whih expresses the
hybridization funtion with respet to the luster
Greens funtion.
• A periodization proedure whih onnets the lat-
tie quantities with the luster quantities.
A. Impurity solver
The impurity solver evaluates the luster Green's fun-
tion, given the external hybridization funtion. Vari-
ous impurity solvers have been proposed in the literature
suh as exat diagonalization and quantum Monte-Carlo.
However those an only be implemented in imaginary
time and an analyti ontinuation is required to obtain
real time properties. A real time impurity solver is the
non-rossing approximation (NCA), whih is a rst or-
der perturbation theory with respet to the hybridization
funtion. It has the advantage of being very fast and rel-
atively easy to implement. The NCA has been a valuable
tool for extrating the physis of the Anderson impurity
models. The NCA equations an be obtained by using
the slave boson method
14
and they an be expressed with
respet to the pseudo-partile Resolvents Gmn and their
self energies Σmn where m,n are indies representing the
eigenstates of the luster. The NCA equations, whih
are used to evaluate the updated resolvent self-energies
along with the luster Green funtion Gµν for a given
hybridization funtion ∆µν , are
15
:
Σmn(iω) =
∑
m′n′µν
Fmm
′
ν
(
Fn
′n
µ
)∗
×
∫
dξf(ξ)∆µν (ξ)Gm′n′ (iω + ξ)
+
∑
m′n′µν
(
Fmm
′
ν
)∗
Fn
′n
µ ×
∫
dξf(−ξ)∆µν(ξ)Gm′n′ (iω − ξ) (3)
Gµν(iω) = −
1
Q
∑
mnm′n′
Fn
′n
µ
(
Fm
′m
ν
)∗
×
∫
dξ
π
e−βξ
[
Gm′n′(ξ)Gnm(ξ + iω)
−Gm′n′(ξ − iω)Gnm(ξ)
]
(4)
Q = −
∫
dξ
π
e−βξ
∑
m
Gmm(ξ)
The Greek indies orrespond to luster degrees of free-
dom (site and spin), Fmm
′
ν = 〈m |cν |m
′〉 are the matrix
elements of the destrution operator and f(ξ) is the Fermi
funtion. The resolvents an be obtained from the self
energy using the Dyson equation,
Gmn(iω) = (iω − E − λ− Σ)
−1
mn (5)
where E is the diagonal matrix of the lusters eigen-
energies and λ, an artifat of the slave-boson approah,
is hosen for onveniene.
In the paramagneti, disordered state, both the spin
and the irreduible representation of the geometrial
symmetry group are good quantum numbers and an be
used to label the luster eigenstates,
|m〉 =
∣∣N,S2, Sz, r, rm, E〉 (6)
where r and rm denote the irreduible representation and
it's row, respetively and the rest follow standard nota-
tion. All but the energy E are good quantum numbers
and they annot be aeted by the bath. Furthermore
all resolvents with the same N,S2, r but dierent Sz and
rm are the equal to one another.
3B. Self onsisteny ondition
The self onsisteny ondition generates a new hy-
bridization funtion, i.e., a new eetive environment
for the impurity luster, starting from a given luster
Green funtion Gµν , and taking into aount the geome-
try of the lattie and the non-interating hoping matrix.
Within the CDMFT sheme, the self onsisteny ondi-
tion reads
∑
K
(M−1 − E(K))−1 = (M−1 −∆− T0)−1 (7)
where the matrix E(K) is the Fourier transform of the
inter-luster hoping matrix TIJ , with I and J being in-
dies that label the lusters inside the superlattie, and
K is the superlattie momentum. The luster umulant
Mαβ an be expressed in terms of the intra-luster hoping
matrix T0 = TII as
M−1 = G−1 +∆+ T0. (8)
C. Lattie periodization
One the luster quantities suh as the umulant or the
self energy have been obtained, the orresponding lattie
quantities need to be reonstruted D. et al.
16
. A good
estimate of these lattie quantities an be obtained by
averaging over all the possible ways in whih a lattie
an be overed with lusters of a given type. For eah
type of luster and eah lattie there are a nite number,
NS , of dierent realizations of the superlattie, whih
are related to one another by a symmetry operation (ro-
tation, translation or both). Expliitly, a lattie quantity
Xlatt(xα−xβ), whih may be either the umulant of the
self energy, an be extrated from the orresponding set
of luster omponents X(xα,xβ) as
Xlatt(xα − xβ) =
1
NS
∑
S
XSL(S[xα], S[xβ]) (9)
where XSL represent the quantity X for a ertain ref-
erene superlattie, S is a symmetry operation relating
dierent equivalent superlatties to the referene super-
lattie and S[xα] is the new position of site xα after ap-
plying the symmetry operation. If the positions S[xα]
and S[xβ ] do not belong to the same ell of the refer-
ene superlattie XSL(S[xα], S[xβ ]) vanishes, otherwise
it is given by the orresponding luster omponent. The
momentum dependene is obtained by a simple Fourier
transform,
XP (k) =
∑
β
Xlatt(xα − xβ)e
i(xα−xβ)·k
(10)
where the index P signies that the quantity X(k) was
obtained by applying the periodization proedure.
In this study, we fous on the umulant periodization
sheme X ≡ M , in whih the lattie Green funtion is
given by
G(ω,k) =
1
M−1P (ω,k)− ǫ(k)
(11)
We also disuss briey the impliations of using the self
energy periodization sheme. Note that the luster self
energy is related to the luster umulant through the
matrix equation
Σ = (ω + µ) 1−M−1 (12)
and a similar salar equation holds for the orresponding
lattie quantities, Σ(k) = (ω + µ) − M(k)−1. In this
sheme the lattie Green funtion is given by
G(ω,k) =
1
ω + µ− ǫ(k)− ΣP (ω.k)
=
1
(M−1)P (ω,k)− ǫ(k)
, (13)
where the index P implies that M−1 is periodized.
In this study we are going to use two types of lus-
ters: a triangular 3-site luster and a rhombi 4-site lus-
ter. Beause of paramagnetism and also the geometrial
symmetry, the triangular luster has 31 independent re-
solvents and 2 independent luster quantities, whereas
the rhombi luster has 309 and 5 respetively. Single
site and two-site lusters have also been onsidered but
onvergene is possible only at higher temperatures. The
respetive superlatties are shown in Fig. 2.
For the triangular luster, there are only two indepen-
dent omponents, a loal X0 and the nearest neighbor
one X1. The orresponding periodization is
Xtri(k) = X0 + 2X1a(k)
where a(k) = 13
∑3
i=1 cos ki and k1 = kx, k2 = −
1
2kx +√
3
2 ky, k3 = −
1
2kx −
√
3
2 ky. For the rhombi luster there
are 5 independent omponents: 2 loal ones X0 and X
′
0
orresponding to the site with 3 and 2 neighbors inside
the luster respetively, two nearest neighbors X1 and
X ′1 orresponding to one of the sides of the luster and
the diagonal link respetively and one next-to nearest
neighbor omponent X2 along the long diagonal of the
luster. The periodization is:
Xrho(k) =
X1 +X
′
2
2
+
(
2X1 +
1
2
X ′1
)
a(k) +
X2
2
b(k)
where b(k) = 13
∑3
i=1 cos (ki − ki+1) with k4 = k1. Sine
a uniform paramagneti phase is assumed, the hoie of
the luster is expeted to have a relatively small impat
on the physial quantities for regimes haraterized by
short orrelation lengths.
41
23
1
34
2(a) (b)
Figure 1: Types of lusters used in the simulation: (a) triangle
(b) rhomboid.
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Figure 2: Triangular (left) and Rhomboid (right) luster's
superlattie. The blak irles represent the superlattie's
sites and the dashed arrows its unit vetors.
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Figure 3: Flow diagram for the CDMFT+NCA method. ∆
is the bath funtion, Σ is the resolvent self energy and G the
luster Green funtion and the umulant isM = G−1+∆+T0.
The ow starts at the Guesses of ∆ (usually with a Gaussian
imaginary part) and Σ (negative imaginary onstant). The
impurity solver evaluates a new Σ from ∆ and the old Σ and
also the luster Green funtion. The self onsisteny ondition
takes as its input the luster Green funtion and the old ∆
to return an updated ∆. The impurity solver and self onsis-
teny ondition iterate until onvergene is reahed. Then the
umulant M is evaluated and periodized. Physial quantities
an be obtained from M (for example, the spetral funtion)
and Σ.
III. NUMERICAL SCHEME: CONSISTENCY,
OPTIMIZATION AND LIMITATIONS
The key feature that makes a DMFT-type treatment
appliable is the loality of the orrelated physis. In in-
nite dimensions, the orrelations are purely loal and an
be desribed by a momentum-independent self-energy. In
nite dimensions, the basi assumption is that the orre-
lations are short ranged and an be aptured by a luster
extension of DMFT. The size of the luster that would
properly apture the physis is determined by the range
of the relevant orrelations and annot be known a pri-
ori. Therefore, onsisteny heks are a neessary om-
ponent of any luster DMFT treatment. In this setion,
we show that for the two-dimensional Hubbard model on
a triangular lattie: A) The self-energy is not a short-
range quantity in the Mott insulating phase and nearby
and therefore should not be extrated from the luster
omponents. Instead, the renormalized two-point umu-
lant satises the loality requirement and an be used
for re-onstruting the lattie quantities. B) A luster
sheme does not work equally well for all doping val-
ues. In partiular, for ertain doping levels ommensu-
rate with the luster size the sheme predits spurious
insulating states. We argue that a omparison between
results obtained using lusters of dierent sizes is ru-
ial. The ultimate onsisteny riterion is the invariane
of results to an inrease of the luster.
To solve for the luster quantities and the resolvents
self onsistently, we start from an initial guess for the
imaginary part of the resolvent self energies and the hy-
bridization funtion. The real part was obtained through
the Krammers-Kronig relationships. One possibility is to
start at high temperatures (T ≈ 0.3t) where the method
onverges very easily (a onstant ℑΣmn and a Gaussian
ℑ∆µν is enough), and then ool down progressively us-
ing in every step the solution of the previous step. Usu-
ally a two step proess sues. One the initial guess
is obtained, the NCA equations, (3) and (4), along with
Eq. (5) are used to update Σmn and evaluate the luster
Green funtion Gµν . From the latter and the self on-
sisteny ondition, Eq. (7), the hybridization funtion
∆µν is updated. The proess iterates until onvergene is
reahed. The lattie Green funtion and the orrespond-
ing spetral funtion are obtained by the periodized u-
mulant. A ow diagram of the proess is shown in Figure
3. From the spetral funtion, a variety of two-partile
properties an be obtained.
A. Cumulant versus self-energy periodization
Our rst task is to test the auray of the periodiza-
tion proedure and identify the quantity most suitable
to be used in the periodization sheme. Note that the
impliit physial assumption behind periodizing a er-
tain quantity X(xα,xβ) is the short-range nature of that
quantity. A long-range quantity annot be properly ap-
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Figure 4: Comparison of the lo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Figure 5: Comparison of the density of states for the umulant
and self energy periodization for the triangular luster and
U=12t, T=0.1t.
proximated in any way using nite range luster ompo-
nents.
To hose the proper periodization proedure, we om-
pare the density of states for umulant and self-energy
periodization for both 3 and 4 site lusters. In the viin-
ity of half-lling, regardless of the luster size, the self en-
ergy periodization results in states lying inside the Mott
gap, as shown in Fig. 5 and6. These states are learly un-
physial, as demonstrated by the omparison with the lo-
al luster spetral funtion, whih shows a well-dened,
lean Mott gap, as shown in Fig. 4. On the other hand,
these mid-gap states are absent in the umulant peri-
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luster at U=12t,
T=0.1t.
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Figure 7: The density of states for both lusters for (a) n =
1.22 and (b) n = 1.33
odization proedure. This signals that the umulant is a
short-range quantity in the viinity of the Mott transi-
tion, while the self-energy is not, but ontains long-range
omponents that annot be aptured with a small size
luster Stanesu and Kotliar
17
.
In ontrast, at large dopings in the Fermi liquid phase,
where both the self-energy and the umulant are short-
range quantities, the two methods agree. We onlude
that the self-energy periodization is appropriate away
from the Mott transition, while the umulant sheme
gives onsistent results in a wide range of dopings. In
the present study we will use the umulant method re-
gardless of lling. The reason for the failure of the self-
energy periodization method is the presene in the half-
lled regime of self-energy divergenes
16,18
at ω = 0 and
low temperatures. This divergene of the self energy at
half-lling is intimately linked to the Mott gap.
6B. Commensurate Insulators
Away from half lling, in the eletron doped regime,
there is a substantial disrepany between the two lus-
ters. More expliitly, our method predits that around
n ≈ 1.33 for the triangular and n ≈ 1.25 for the rhombi
luster, the system beomes an insulator as evidened by
the gap in the density of states in Fig. 7 (a) and (b)
respetively.
To better understand the ommensurate insulator
phases, we an analyze the resolvents within NCA and
evaluate the ontribution of eah luster state. It is there-
fore possible to determine whih are the dominant han-
nels through whih the luster interats with the bath.
The relevant quantity is the partial oupany of a par-
tiular luster state
〈nmm〉 = −
1
Q
∫
dξ
π
e−βξnmmGmm(ξ). (14)
Small oupany signies that the orresponding resol-
vent ontributes insigniantly to the luster spetral
funtion and onsequently to the hybridization funtion.
Therefore, the resolvents with small oupany an be
ignored, whereas the ones with large overlap have the
dominant ontribution to the dynamis of the system.
For the triangular luster it turns that there are only 7
resolvents with an overlap larger than 0.01 whereas the
rest have oupany less than 0.0025. A similar analysis
an be performed for the rhombi luster. As expeted
there are more resolvents with substantial oupany. In
Fig. 8 only the dominant ones are plotted whih have
oupany more than 0.1. Their quantum numbers are
shown in Table II. In all ases, we observe that when the
dominant resolvents have llings i/Nc lose to the lat-
tie lling, their partial oupany peaks and transitions
from and to them beome rare, whih gives rise to an
insulating state. In the triangular lattie this has a on-
sequene when n = 4/3, beause in this ase there is only
one dominant resolvent. As a result, there is no appreia-
ble overlap with any eletroni states, leading thereby to
a gap in the spetrum. In the rhombi luster, around the
ritial value n = 5/4 there are two dominant resolvents
whih means that even though the transitions are lim-
ited, a gap still persists, though it is not as pronouned
as in the three-site luster. We have also obtained om-
mensurate insulating states for llings n = 2/3 for the
triangular and n = 3/4 for the rhombi luster, but in
this regime onvergene is not reahed at low tempera-
ture. The presene of suh insulating states ultimately
points to a limitation of the nite luster approah to the
Hubbard model.
We emphasize that the appearane of the titious
ommensurate insulating states is a onsequene of us-
ing small lusters in the numerial alulations. The use
of these small lusters is ditated by pratial reasons.
However, the interpretation of the results requires spe-
ial are. Ultimately, the onsisteny of any result should
be onrmed by its invariane to luster size variations.
Index N S2 Sz r rm E
4 2 0 0 1 1 -2.55
14 3 1/2 1/2 3 1 -0.50
20 3 3/2 3/2 2 1 0.00
24 4 0 0 1 1 10.85
27 4 1 1 2 1 10.00
30 5 1/2 1/2 3 1 23.00
31 6 0 0 1 1 36.00
Table I: The quantum numbers of the dominant resolvents for
the triangular luster for U=12t, T=0.1t.
Index N S2 Sz r rm E
83 3 1/2 1/2 4 1 -3.07
139 4 0 0 2 1 -0.94
1712 4 1 1 2 1 -0.67
197 4 1 1 4 1 -0.65
239 5 1/2 1/2 3 1 9.39
269 5 3/2 3/2 2 1 9.44
297 6 1 1 3 1 21.44
304 7 1/2 1/2 1 1 34.44
Table II: The quantum numbers of the dominant resolvents
for the rhombi luster for U=12t, T=0.1t.
Suh an example is Mott insulating phase at half lling,
n = 3/3 = 4/4. The existene and the properties of this
state an be obtained onsistently using various luster
sizes. Moreover, as the on-site interation U is redued,
a transition to a metalli state is observed, with some
small luster size dependene of the ritial parameters.
In all the present implementations of the CDMFT luster
methods for nite dimensions higher than one, there is
always a diulty related to the fat that most or all of
the luster sites lie on the luster boundaries. However,
sine large luster omputations are impratial, one has
to rely on a areful interpretation of the small luster
results. We suggest that the ultimate riterion for the
onsisteny of small luster alulations is the indepen-
dene of the results to the luster size.
IV. RESULTS
In this setion we present our main results. In subse-
tion IVA, we show that the two-dimensional Hubbard
model on a triangular lattie is a strongly orrelated sys-
tem by demonstrating that the low-energy physis is on-
trolled by a weakly dispersing band with spetral weight
that an be transferred over large energy sales. Sub-
setion IVB is devoted to the haraterization of the
interation-ontrolled Mott metal-insulator transition at
half lling. In ontrast to the innite dimensional ase
when a oherene peak develops inside the Mott gap, we
nd that the insulator-metal transition is haraterized
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Figure 8: The oupanies versus lling for the dominant re-
solvents in the triangular (a) and rhombi (b) luster.
Figure 9: The evolution of the density of states as a funtion
of doping in the upper and lower (inset) Hubbard band.
by the omplete ollapse of the Mott gap followed by
the appearane of a small peak in the density of states.
Finally, in subsetion IVC we investigate the system at
low dopings and disuss a new perspetive on pseudogap
physis. We argue that the pseudogap should not be sim-
ply identied by the depletion of the density of states at
the hemial potential, but rather by the hange in the
loation of the low-energy modes in momentum spae as
ompared with the non-interating system. Aording to
this piture, the pseudogap phase is essentially hara-
terized by the re-onstruted Fermi surfae onsisting of
small pokets that vanish in the zero doping limit.
A. Dispersionless low energy band
The main gure and the inset in Fig. 9 and Fig. 10
reveal a lak of partile-hole symmetry for eletron and
hole doping. This is expeted as a triangular lattie does
not preserve this symmetry. While the asymmetry per-
Figure 10: Evolution of the density of states for the triangular
luster around half lling for T = 0.1t and U = 12t in the
eletron doped regime (upper Hubbard band). There is a
pseudogap feature whih does not align with the hemial
potential (ω = 0) and whih disappears for a doping of n =
3.5%. The inset shows the density of states in the hole doped
regime (lower Hubbard band), whih exhibits no pseudogap
feature.
sists regardless of the luster size, the details dier. Of
partiular interest is the presene of a dispersionless sub-
band residing near the top of the lower Hubbard band
upon hole doping. The ourrene of suh a band is in-
onsistent with Fermi liquid behavior: the hemial po-
tential rosses the band in an extended area instead of
at a well dened urve. This band ours in both the
triangular and the rhombi luster, but in the latter it
appears split. This splitting, shown in Fig. 11, but also
in the density of states as shown in Fig. 12, may be due
to the higher resolution gained by the using the rhombi
luster.
A shadow of this band persists unsplit and with less
spetral weight even in the eletron doped regime where
the system is a normal metal as shown in Fig. 12. There-
fore the splitting is due to the fat that it rosses the
hemial potential. Consequently, in the triangular lat-
tie, partile hole asymmetry gives rise to a non-Fermi
liquid behavior for hole doping and metalli behavior in
the eletron doped side. This band struture an be om-
pared with experimental results Qian et al.
19
. A full om-
parison is not possible beause only one band, namely the
a1g is taken into aount and the eg′ is ignored. However
the experiment shows the existene of an almost at band
with energy −0.6eV . The present alulation is evidene
that this band may emerge purely beause of strong or-
relations. Further evidene that this band arises from
purely strong eletron orrelations omes from the fat
that it is absent in loal density approximation (LDA)
and linear augmented plane wave (LAPW) alulations
Qian et al. Fig. 3 of
19
.
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Figure 11: Comparison of the density of states between the
rhombi and the triangular luster in the upper and lower
Hubbard band. There is good agreement in the eletron
doped regime. In the hole doped regime there is a disper-
sionless band whih the rhombi lusters resolves as being
split.
B. Mott transition
The density of states for high enough U exhibits an
interation-indued gap around half lling, as shown in
Fig.14. Clearly shown in Fig. 14 is the losing of the
gap between the lower and upper Hubbard bands as the
on-site interation dereases, indiative of a Mott transi-
tion. To pinpoint the preise loation of the Mott tran-
sition, we estimate the Mott gap by the disontinuity,
∆µ, in the hemial potential on either side of half-lling.
Fig. 15 displays a typial alulation of the hemial po-
tential as a funtion of the lling for both 3 and 4-site
lusters. Beause of thermal broadening, this proedure
would underestimate ∆µ, whih annot disriminate be-
low energy sales of the order of kT . For both luster
sizes, the results are onsistent yielding a gap of ∆µ ≈ 5t
for U = 12t. As the inset demonstrates, the disontinu-
ity in the hemial potential aross half-lling vanishes
at Uc ≈ 5.7t. However, ∆µ provides only a rough es-
timate of the ritial U beause the preise magnitude
of the gap is obsured as shown in Fig. 15. To probe
the transition more diretly, we plot the density of states
for dierent values of U around the estimate obtained
from the hemial potential analysis. Fig. 16 displays
learly that for U ≥ Uc, with Uc ≈ 5.75t and Uc ≈ 4.75t
for the triangle and rhombi luster respetively, the sys-
tem is an insulator, whereas for U < Uc a Drude peak
emerges at the hemial potential. Note that the density
of states near the hemial potential remains unhanged
(relative to its value for U > Uc) although the density
of states at the hemial potential develops a non-zero
value as a transition is made to a metalli state. Conse-
quently, the states that ll in the Mott gap and give rise
to the oherene peak arise from spetral weight transfer
from high energy, the essene of Mottness. This is illus-
trated in Fig. 17 whih ompares the spetral funtion
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Figure 12: The spetral funtion as a funtion of k and ω for
U = 12t, T = 0.1t and n = 0.99. Upper panel: triangular
luster. lower panel: rhombi luster. Both methods give a
dispersionless band, but in the rhombi luster it is resolved
in two.
right before and after the transition. Suh a redistribu-
tion of spetral weight far from the hemial potential
near the Mott transition has been reently observed in
the manganites
20
.
The operative mehanism for the Mott transition in
the three and four-site luster analysis stands in ontrast
to the senario predited by DMFT
12
. In this senario a
oherent peak of onstant height exists at the hemial
potential, whih suessively narrows as U inreases to
Uc. For U > Uc, the peak vanishes and the upper and
lower Hubbard bands beome well separated. CDMFT
in the plaquette oers a dierent senario
21
: rst a pseu-
dogap opens at the hemial potential whih smoothly
grows to form a full Mott gap at the ritial U . In the
triangle, there is no formation of a pseudogap. Instead
the oherene peak at the hemial potential loses weight
Z as U inreases and is smoothly replaed by a gap whih
broadens as the two bands separate.
C. The pseudogap
In light of the physis in the uprates, one of the main
questions that needs to be addressed is whether or not
a Mott system on a triangular lattie exhibits a pseu-
dogap. We fous here on the single-partile density of
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Figure 13: Spetral funtion for U = 12t, T = 0.1t and
n = 1.04 for the triangular (upper panel) and rhombi luster
(lower panel). The hemial potentials rosses a narrow band
and the behavior is metalli. The dispersionless sub-band at
the top of the lower Hubbard band persists, but with less
spetral weight and unsplit..
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Figure 15: The hemial potential as a funtion of lling for
the 3 and 4 site luster at U = 12t and T = 0.1t. There
is agreement anywhere apart from the ommensurate llings
n = 4/3 and n = 5/4 respetively. Inset: the evolution of
the Mott gap as a funtion of lling for the triangular luster.
The gap is linear in U and vanishes at Uc = 5.74t.
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Figure 16: (a) density of states around the Mott transition for
the triangular luster at n = 1 T = 0.1t. As U dereases, the
Drude peak around the hemial potential gradually looses
weight until it turns turns into a gap. The transition ours
at some Uc ≈ 5.75t. (b): density of states around the Mott
transition for the rhombi luster at T = 0.12t and n = 1 and
Uc ≈ 4.5t.
states as a funtion of lling. In the triangular lattie,
there is only indiret evidene from a boson analysis of
the optial ondutivity for a pseudogap in the paramag-
neti phase (n < 1.5)22,23 whih disappears in the strange
metal phase (n > 1.5).
Our results for the single-partile density of states on
either side of half-lling are summarized in Figs. 9 and
10. Although a dip-like features exists for both the 3 and
4-site lusters, it is displaed from the hemial potential.
For higher dopings, the density of states is smooth in the
viinity of the hemial potential. Consequently, we nd
an absene of a pseudogap near half-lling on a triangular
lattie. This result is onsistent with the QuantumMonte
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Figure 17: The spetral funtion at half lling and T = 0.1t
as a funtion of ω and k along the Γ→ K →M → Γ path for
U = 6t (upper panel) and U = 5.5t (lower panel) as obtained
from the triangular luster. The spetral weight mostly from
energy around 4.5t is transferred to the hemial during the
transition.
Figure 18: Evolution of the DOS around the hemial poten-
tial for n = 1.02 using the triangular luster. The pseudogap
feature is dispersed as the temperature inreases.
Carlo alulations Kyung
10
as the impurity solver ou-
pled with CDMFT on the triangular lattie. We traed
the origin of the dip-like feature to an energy splitting
of two resolvents in the triangular lattie (three in the
rhombi) with total spin diering by 1. The relevant en-
ergy sale is J = 6t2/U . To probe this feature further,
we alulated its evolution as the temperature is lowered.
As is evident from Fig. 18, as the temperature is lowered,
the dip-like feature remains below the hemial potential
and more importantly the peak at the hemial poten-
tial sharpens, as would be expeted for a metalli state.
Consequently, using the dip-like feature in the density of
states as the riterion for the existene of a pseudogap,
we onlude that no pseudogap exists for the Hubbard
model on a triangular lattie for either eletron or hole
doping.
However, this analysis is inomplete. Let us approah
the pseudogap problem from a dierent perspetive. In
the undoped uprates, the quasipartile dispersion be-
low the Mott gap is haraterized by four maxima at the
(±π/2,±π/2) points in the Brillouin zone, as revealed
by ARPES measurements on Ca2CuO2Cl2
24
. This fea-
ture is also present in the half-lled Hubbard model on
a square lattie
17
. For a weakly (hole) doped system,
if one adopts the naive piture of a rigid band shift,
one would expet the hemial potential to move to the
top of the lower Hubbard band and interset it some-
where in the viinity of the four minima. The resulting
Fermi surfae would onsist of four small hole pokets in
the viinity of the (±π/2,±π/2) points, while the rest
of the large Fermi surfae observed in optimally doped
and overdoped uprates (or at large doping values in
the alulations for the Hubbard model) would be om-
pletely obliterated. That is, the low-energy exitations
are gaped everywhere in the Brillouin zone, exept on
the boundary of the small Fermi pokets. This piture
seems to be onsistent with ARPES measurements on
underdoped uprates
25
, as well as the infrared Hall ef-
fet Rigal et al.
26
, Shi et al.
27
and quantum osillation
measurements
28
. Nonetheless, strong oupling alula-
tions show that the naive rigid band piture is, in fat,
inorret and that strong orrelations play a ruial role
in pseudogap physis.
One of the essential aspets of strong orrelations is
spetral weight transfer. To illustrate its role, let us ap-
proah the pseudogap problem for Hubbard model on
a triangular lattie starting from the Mott insulating
phase. Note that, in ontrast to the square lattie model,
in this ase partile-hole symmetry is always absent and
the antiferromagneti interations are frustrated. In Fig.
(19) we show the top of the lower Hubbard band (left
panel) and the bottom of the upper Hubbard band (right
panel) for a half-lled system with U = 12t. The two
bands are separated by a Mott gap of about 5t, and
the hemial potential sits in the middle of the gap.
The two surfaes are dened by the smallest frequenies
at whih the spetral funtion exeeds a ertain small
threshold δA. Variations of δA produe only small shifts
11
of the two surfaes, but their shapes remain essentially
the same. First, let us fous on the upper Hubbard band.
As shown in Fig. (19), it is haraterized by a set of min-
ima along a large losed urve around the Γ point, not
far from the Fermi surfae orresponding to that of the
non-interating half-lled system. A small eletron dop-
ing would move the hemial potential near this set of
minima of the upper Hubbard band. In the rigid band
piture, one ends up with two almost irular Fermi sur-
faes that dene a narrow eletron ring. However, our
strong-oupling alulation leads to a dierent piture.
Shown in Fig. (21) is the spetral funtion along the
Γ→ K →M → Γ path in the Brillouin zone and a small
frequeny window about the hemial potential for two
small doping values. For omparison, we also show the
bottom of the upper Hubbard band for the insulator (up-
per panel) within a similar frequeny window. Note that
for the insulator the bottom of the band orresponds to
some middle points between Γ and K and between M
and Γ. In the viinity of the Γ point, there is no spe-
tral weight within our frequeny window [see also Fig.
(19)℄. However, one we dope the system, some spetral
weight is transferred from high energies to low energies,
so that a low energy band learly forms in the viin-
ity of Γ just below the hemial potential. As a result,
the strongly orrelated narrow band that ontrols the
low-energy physis disperses aross the hemial poten-
tial generating a large Fermi surfae onsistent with the
Luttinger theorem. A ruial dierene from the square-
lattie ase is that the anisotropy along this large Fermi
surfae (or along the line dening the minima of the up-
per Hubbard band for the insulator) is very weak. By
ontrast, for the square lattie there is a qualitative dif-
ferene between the (π/2, π/2) and the (0, π) regions of
the Brillouin zone as illustrated, for example, by the ex-
istene of minima near the nodal points. This lak of
anisotropy leads to the sudden appearane of a large
Fermi surfae upon doping and thus to the absene of
a pseudogap.
The situation appears somehow dierent in the ase
of the lower Hubbard band. As shown in Fig. (19), the
top of the lower Hubbard band is extremely at and ex-
tends over a signiant portion of momentum spae, all
around the boundary of the Brillouin zone. Very weak
maxima an be identied near the K points. In this ase,
the rigid band piture would suggest that a weakly hole-
doped system is haraterized by low-energy exitations
that extend over a large portion of the Brillouin zone and
that small Fermi pokets would possibly form near the
K points and extend rapidly with doping. Again, in the
viinity of Γ there is no spetral weight at low energy.
However, in ontrast to the upper Hubbard band, this
lak of low-energy exitations at small momenta persists
upon doping. Shown in Fig. 20 is the low-energy spetral
funtion along the same Γ → K → M → Γ path for the
insulator (upper panel) and two values of doping. The
relevant spetral weight transfer ontributes this time to
the re-shaping of the low-energy narrow band that exists
at momenta far from the Γ points. At inreased doping
values, this band beomes more dispersive and generates
a large Fermi surfae onsistent with the non-interating
Fermi surfae of a system with the same lling fator.
Nonetheless, at very small doping values, several ques-
tions remain. First, it seems that the hemial potential
rosses the narrow band in an extended area of the Bril-
louin zone, rather than along a well-dened Fermi line.
This stands in sharp ontradition with Fermi liquid the-
ory. However, one has to take into aount that our re-
sults are obtained at a nite temperature of order 0.1t,
and thus the energy resolution is severely limited. To
establish exatly the position of the Fermi surfae at low
dopings would require a muh better energy resolution,
and onsequently a muh lower temperature, would be
neessary. The seond question onerns the existene of
a pseudogap. One typially understands the pseudogap
as a redution in the number of low-energy modes below
a ertain energy sale. Here we propose a slightly dier-
ent view. We dene the pseudogap phase as a physial
state ourring lose to a Mott insulating state and har-
aterized by the existene of small Fermi pokets with an
area proportional to the doping level x = 1− n. By on-
trast, a normal Fermi liquid is haraterized by a large
Fermi surfae with an area that is related, via the Lut-
tinger theorem, to the lling n. Consequently, one should
view a system in the pseudogap phase as a doped Mott
insulator. At the same time, the system represents a re-
normalized Fermi liquid haraterized by a reonstruted
Fermi surfae. From this perspetive, the weakly hole-
doped Hubbard model on a triangular lattie is in the
pseudogap state. Within the energy and momentum res-
olution of the present method, the Fermi surfae appears
as a set of small pokets around the K points that expand
rapidly upon doping. A normal Fermi liquid is estab-
lished at a doping level of a few perent. We emphasize
that a ruial ondition for the realization of this pseu-
dogap phase was the existene of the small anisotropy in
the lowest energy exitations of the Mott insulator. To
study in detail the formation and the evolution of the hole
pokets, alulations using larger lusters (i.e., having a
better momentum resolution) and lower temperatures are
neessary.
V. CONCLUSIONS
We have studied a strongly orrelated eletron sys-
tem on a triangular lattie using an implementation of
the NCA+CDMFT sheme. The key tehnial aspets
of this implementation are presented in detail. Numer-
ial results are obtained for two types of lusters on-
taining three and four sites, respetively. We stress that
the luster size analysis is a required step in any luster
DMFT-type alulation and argue that the relative in-
variane of the result against inreasing the luster size
is the ultimate onsisteny riterion. The fundamental is-
sue onerns the short-versus long-range harater of the
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Figure 19: The boundary of the lower (left panel) and upper
Hubbard band (right panel) for U = 12t and T = 0.1t.
Γ
K
M
Γ
n=1.00
−3.5 −3 −2.5 −2 −1.5
Γ
K
M
Γ
n=0.99
−1 −0.5 0 0.5 1
Γ
K
M
Γ
n=0.97
ω/t
−1 −0.5 0 0.5 1
Figure 20: Comparison of the spetral funtion at half ll-
ing (top), 1% (middle) and 3%(bottom) hole doping, for the
rhombi luster at U = 12t, T = 0.1t.
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Figure 21: Comparison of the spetral funtion for half lling
(top), 1% (middle) and 3%(bottom) eletron doping, for the
rhombi luster at U = 12t, T = 0.1t.
eletron orrelations and the nature of the quantity that
properly desribes them. We nd that the self-energy is
not a short-range quantity in the viinity of half-lling
and therefore annot be aptured using the luster om-
ponents. However, within our momentum and energy
resolution, we nd that the umulant satises the loal-
ity requirements and an be used for re-onstruting the
lattie quantities. In this ontext, a very high priority
for future luster DMFT studies should be to establish
the relevant range for the self-energy and the umulant
in various parameter regimes. Larger luster alulations
are required to larify this point. Nonetheless, the task
is of pivotal importane beause, if in a ertain regime,
both the self-energy and the umulant are long-ranged
quantities, the presently available real- and momentum-
spae luster DMFT shemes are not appliable.
13
At low doping values, we nd that the Hubbard model
on a triangular lattie is strongly orrelated with low-
energy physis ontrolled by a quasi-dispersionless band.
As a result of orrelations, the band is very narrow, and
its spetral weight an be transferred over large energy
sales. A band with suh features annot be desribed
by any weakly oupled approah. We also nd that a
metal-insulator transition ours at a ritial value of the
on-site interation Uc ≈ 5.6± 0.15t, whih depends very
weakly on the size of the luster. This value is muh lower
than the ritial interation determined of Uc ≈ 10.5t in
CDMFT alulations using exat diagonalization as the
impurity solver Kyung
10
, but it is loser to Uc ≈ 6.9t,
whih is the ritial interation obtained by ontinuous-
time Monte Carlo Lee et al.
11
. Finally, we disussed
the pseudogap problem in the ontext of the Hubbard
model on a triangular lattie. In ontrast to the square-
lattie ase, we nd no evidene for a dip in the density of
states positioned at the hemial potential. However, a
momentum-resolved analysis shows that the lous of the
low-energy exitations of the weakly hole-doped system
is qualitatively dierent from that of a non-interating
system. Therefore, we propose a new framework for
disussing the pseudogap phenomenon, whih in essene
involves a momentum-dependent haraterization of the
low-energy physis, rather than a momentum-integrated
one. We dene a pseudogap state as a state haraterized
by low-energy exitations ourring only in a relatively
small region in momentum spae, qualitatively dierent
from the loation of the low-energy quasipartiles of the
non-interating system, and having an area that shrinks
to zero when approahing the Mott insulator. Conse-
quently, the system in the pseudogap state is hara-
terized by a re-onstruted Fermi surfae onsisting of
small pokets. We nd that the onditions neessary for
the appearane of these pokets is a strongly momentum-
dependent self-energy whih produes quasipartiles with
anisotropi properties along the Fermi surfae. There-
fore, the pseudogap is intrinsially linked to Mott physis
as emphasized reently , whih is the soure of the long-
range self-energy. Within the resolution of the present
alulation, we nd that the momentum-dependene of
the self-energy is muh weaker for the triangular lattie,
as ompared to the square lattie, leading to a pseudogap
only in the very weak hole-doped regime.
Aknowledgments
This work was supported in part by NSF DMR-
0605769.
1
D. J. Singh, Phys. Rev. B 61, 13397 (2000).
2
M. L. Foo, Y. Wang, S. Watauhi, H. W. Zandbergen,
T. He, R. J. Cava, and N. P. Ong, Physial Review Letters
92, 247001 (pages 4) (2004).
3
M. Z. Hasan, Y.-D. Chuang, D. Qian, Y. W. Li, Y. Kong,
A. Kuprin, A. V. Fedorov, R. Kimmerling, E. Rotenberg,
K. Rossnagel, et al., Phys. Rev. Lett. 92, 246402 (2004).
4
K.-W. Lee, J. Kune², P. Novak, and W. E. Pikett, Physi-
al Review Letters 94, 026403 (pages 4) (2005).
5
D. Qian, D. Hsieh, L. Wray, Y.-D. Chuang, A. Fedorov,
D. Wu, J. L. Luo, N. L. Wang, L. Viiu, R. J. Cava, et al.,
Physial Review Letters 96, 216405 (pages 4) (2006).
6
H.-B. Yang, Z.-H. Pan, A. K. P. Sekharan, T. Sato,
S. Souma, T. Takahashi, R. Jin, B. C. Sales, D. Mandrus,
A. V. Fedorov, et al., Physial Review Letters 95, 146401
(pages 4) (2005).
7
D. Qian, L. Wray, D. Hsieh, D. Wu, J. L. Luo, N. L. Wang,
A. Kuprin, A. Fedorov, R. J. Cava, L. Viiu, et al., Physial
Review Letters 96, 046407 (pages 4) (2006).
8
H. Ishida, M. D. Johannes, and A. Liebsh, Physial Re-
view Letters 94, 196401 (pages 4) (2005).
9
C. A. Marianetti, K. Haule, and O. Parollet, Physial
Review Letters 99, 246404 (pages 4) (2007).
10
B. Kyung, Physial Review B (Condensed Matter and Ma-
terials Physis) 75, 033102 (pages 4) (2007).
11
H. Lee, G. Li, and H. Monien (2008), arXiv.org:0807.1683.
12
G. K. Antoine Georges, Review of Modern Physis 68, 113
(1996).
13
G. Kotliar, S. Y. Savrasov, G. Pálsson, and G. Biroli, Phys.
Rev. Lett. 87, 186401 (2001).
14
P. Coleman, Phys. Rev. B 29, 3035 (1984).
15
G. Kotliar, S. Y. Savrasov, K. Haule, V. S. Oudovenko,
O. Parollet, and C. A. Marianetti, Reviews of Modern
Physis 78, 865 (pages 87) (2006).
16
S. T. D., C. Marello, H. Kristjan, and K. Gabriel, Annals
of Physis 321, 1682 (2006).
17
T. D. Stanesu and G. Kotliar, Physial Review B (Con-
densed Matter and Materials Physis) 74, 125110 (pages 6)
(2006).
18
T. D. Stanesu, P. Phillips, and T.-P. Choy, Physial Re-
view B (Condensed Matter and Materials Physis) 75,
104503 (pages 9) (2007).
19
D. Qian, L. Wray, D. Hsieh, L. Viiu, R. J. Cava, J. L. Luo,
D. Wu, N. L. Wang, and M. Z. Hasan, Physial Review
Letters 97, 186405 (pages 4) (2006).
20
A. Rusydi, R. Rauer, G. Neuber, M. Bastjan, I. Mahns,
S. Müller, P. Saihu, B. Shulz, G. Stryganyuk, K. Dörr,
et al., arXiv:ond-mat/0701348v1 (2007).
21
Y. Z. Zhang and M. Imada, Physial Review B (Con-
densed Matter and Materials Physis) 76, 045108 (pages 5)
(2007).
22
D. Wu, J. L. Luo, and N. L. Wang, Physial Review B
(Condensed Matter and Materials Physis) 73, 014523
(pages 8) (2006).
23
T. Shimojima, T. Yokoya, T. Kiss, A. Chainani, S. Shin,
T. Togashi, S. Watanabe, C. Zhang, C. T. Chen,
K. Takada, et al., Physial Review B (Condensed Matter
and Materials Physis) 71, 020505 (pages 4) (2005).
24
A. Damaselli, Z. Hussain, and Z.-X. Shen, Rev. Mod.
Phys. 75, 473 (2003).
25
K. M. Shen, F. Ronning, D. H. Lu, F. Baumberger, N. J. C.
Ingle, W. S. Lee, W. Meevasana, Y. Kohsaka, M. Azuma,
14
M. Takano, et al., Siene 307, 901 (2005).
26
L. B. Rigal, D. C. Shmadel, H. D. Drew, B. Maiorov,
E. Osquiguil, J. S. Preston, R. Hughes, and G. D. Gu,
Phys. Rev. Lett. 93, 137002 (2004).
27
L. Shi, D. Shmadel, H. D. Drew, I. Tsukada, and Y. Ando
(2005), arXiv.org:ond-mat/0510794.
28
N. Doiron-Leyraud, C. Proust, D. LeBoeuf, J. Levallois,
J.-B. Bonnemaison, R. Liang, D. A. Bonn, W. N. Hardy,
and L. Taillefer, Nature 447, 565 (2007).
29
T.-P. Choy, R. G. Leigh, and P. Phillips, Physial Review
B (Condensed Matter and Materials Physis) 77, 104524
(pages 9) (2008).
30
P. Phillips, T.-P. Choy, and R. G. Leigh (2008),
arXiv.org:0802.3405.
